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General integral formulas involving Humbert
hypergeometric functions of two variables

AHMED ALI ATASH AND HUSSEIN SALEH BELLEHAJ

ABSTRACT. In this paper, we have established two general integral for-
mulas involving Humbert hypergeometric functions of two variables ®»
and ¥, . The results are obtained with the help of a generalization
of classical Kummer’s summation theorem on the sum of the series
2F1(—1) due to Lavoie et al. [5]. Some interesting applications are also
presented.

1. INTRODUCTION

The confluent hypergeometric functions @ and ¥, are defined and repre-
sented as follows [2,8]:

> / m ,n
1.1 Bl b= (@)m(a)n 2™ y
(1.1) 2|a,a’;b;wsy] mzn;() (0)m4nm! n!
and
1.2 Dolab byl S (Wmin 27 Y"
( ) 2[0,, P ,x,y} mgo(b)m(b/)nm' nl’

where (A),, denotes the Pochhammer symbol defined by |[§]

1, if n=0
(1-3) ()‘)n = e
A(A+1)...(A+n—1), ifn=123,..

Exton [3,4] gave the definitions and the Laplace integral representations of
the quadruple hypergeometric functions K5 and K5 as follows:

2010 Mathematics Subject Classification. 33C05, 33C65, 33C70.
Key words and phrases. Humbert functions, Exton functions, Kampé de Fériet
function, Integral formulas, Kummer’s theorem.

(©2017 Mathematica Moravica

75



76 (GENERAL INTEGRAL FORMULAS INVOLVING HUMBERT HYPERGEOMETRIC. . .

Ks(a,a,a,a;b1,b1,b2,b2;¢1,¢2,¢3,¢45,y,2,t)

o

= Z (a)p+q+r+s(b1)p+q(b2)r+s P yq P
(c1)p(e2)q(c3)r(ca)s plgir!s!

p,q,7r,5=0

1 [o.¢]
= / e 5" Wy (biser,co5a8,ys)Wa (baics,ca328,ts)ds
I'(a) Jo

and
K12 (aaa,aaa;bl ,b2,b3,b4;61 ,C1 ;62762;1‘7y72’t)

L3 @ity 1 7
(cl)p+q(02)r+s plglr!s!

p,q,r,s:[)
1 o0
— I‘(a) / e_ssa—ldsQ (bl ab2;cl ;l‘S,yS)@Q (b37b4;Cz;Z8,t$)d5,
0

The Kampé de Fériet function of two variables Flﬁ‘ifl[aj,y] is defined and
represented as follows [§]:

S (ap) : (bg) 5 (ck) 3
Flmin T,y
(@) : (Bm) 5 () 5
k
B i H?:l(aj)T-i-S H?:1(bj)r IT5=1(c5)s " y®
= : _
T,S:onjzl(aj)rﬂ»’ H;‘nzl(ﬁj)r H?:l(%')s rl sl
In the present investigation, we shall require the following generalization of
the classical Kummer’s theorem for the series 9 F;(—1) [5]:
[ a,b ; } _ T(5)P(14a—b+i)l'(1-b)
2N 1 ra—b+i; © o 20T(1-b+(i+]i]))
A

(1.6)

)

X -
{r(%ﬁ%z‘%—[%] T(1+3a—b+3i)

B;
+ — ~}
T(a+3i—[3)T(3+3a—b+5i)

for (1=0,£1,£2,£3,+4,£5), where [z] denotes the greatest integer less than
or equal to x and |z| denotes the usual absolute value of = . The coefficients
A; and B; are given respectively in [5]. When i=0, (1.7) reduces immediately
to the classical Kummer’s theorem [1],(see also [6])

a. b - I'(14+a—b)I'(3)
1.7 F Vo] = :
(1.7) 2 L+a—b; ] 20T (1+3a—b)T(La+1)
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The following results will be required also [8]:
I'(a4n) T'(a—n) (1-)"

- =T T@ (-a)

(1.9) F<;>F(l—|—a) gy r(é% >I‘<1+;a>,
(1.10) (a)anz%(;a)n <;a+;)n

?30111) (2n)! = 22" <;>nn' (2n41)! = 227 <Z’)nn'

2. MAIN INTEGRALS FORMULAS

First Integral

1 oo
/e_ss“_l%(bl;cl,cl+i;xs,—1:s)%(bg;@g,Cg—l—i;ys,—ys)ds
I'(a) Jo
i i 2m1+2m2 (b1)2m, (b2)2m, 2™ y?m2
= (c1)2m, (€2)2m, (2m1)!(2mo)!
x (A1 +BY Dy) (AP o+ B Dy)
0o 0o 2m1+1 y2m2

(a)2my+2ma+1(01)2my+1(b2)2m, ©
i Z Z (€1)2mi+1(€2)2m, (2m1+1)!(2ms)!

(A B14+B® F)(AP Cp+BP D)

o0 [e.o]

2m1+2m2+1(b1)2m1(b2)2m2+1 Ty
Py oy

(c1)2m (€2)2msy+1(2m)! (2ma+1)!

2my ,,2mo+1

m1=0 mo=0

(A" ¢1+BY D1)(AY Ex+BY )

o0 [e.o]

. Z Z 2m1+27712+2(b1)2m1+1(b2)2m2+1 x Yy
(e1)2my+1(c2)2my+1(2m1+1)1(2ma+1)!

2mi+1 ,,2mo+1

m1=0 mo=0

(2.1) < (A% B14+B® F)(AY Ey+BY By,
where
22mTF(%)I’(CT+i)F(CT+2mT)

r =

F(cr+2mr+%(i+\i|))F( mr+ z+ [1“])F(mr+cr+%i)
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D — 227 T (5D (e )T (cy+2m,)
' i) (=my -+ gi— 5T (meter—5+51)

L(cr+2my+ 3 (i+]il
22mr HIT (D) (ep+4)T (e +2my+1)
[ (c+2my+1+5 (i+[i) T (=my+5i— [ )T (my+ 5 +crt 51)
22me D (DD (ep+4)D (cp+2my+1)
T (cr+2mp+145 (i4[i])) T (—=my— 5+ 5i—[5)T (my+cr+50)
(for i=0,41,+£2,43,+4,+5 ; r=1,2).

r—

r=

The coefficients Agl) and BZ.(l) can be obtained from the tables of A; and
B given in [5] by replacing a and b by —2m; and 1—c¢;—2my, the coefficients
A® and BZ.(2) can be obtained from the tables of A; and B; by replacing a

7

and b by —2mg and 1—co—2meo, the coeflicients AES) and BZ-(S) can be obtai-
ned from the tables of A; and B; by replacing a and b by —2m;—1 and

—c1—2m1 and the coefficients AEA‘) and Bi(4) can be obtained from the tables
of A; and B; by replacing a and b by —2ms—1 and —co—2ms.

Second Integral
1
I'(a)

/ e 5% 1Py (b1 —i,by;c138,—18) o (by—i,b2;c0;y5,—ys)ds
0

oo o0

Z Z 2m1+2m2 (b1—1)2m, (ba—1

= (€1)2m (€2)2my (2m1)!(2ma)!

: 2 2
)2 , Ty

x(AV 1+ B D)) (AP e+ B D)

7

o0 o0

2m1+2m2+1(bl—2)2m +1(ba—1)2m,
Py oy :

(c1)2my+1(C2)2my (2m1+1)! (2m2)!

2m +1 ,2m
1 Y 2

m1=0 mo=0

(A B+ B F)) (AP 4+ B/ Dy)

+ i i 2m1+2m2+1(b1—2)2m1(b2 )amg a1 @2M y2matl
m1=0 mo=0 Cl 2my (62)2m2+1(2m1) (2m2+1)
x(AMVCr+ B D (A By + B F)
S - 2m1+1 yQWLQ+1

2m1+2m2+2(bl—i)2m1+1(52—i)2m2+1 T
Py oy

= (€1)2my+1(€2)2ma+1(2m14+1)!(2mo+1)!

(2.2) x (A B+ B[ Py (ALY B+ BV R,
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where
o 22m (P (1-2m,— b+i) (1-b,)
" T(A=be 5 (i) T (—mp 4 i+ 5 —[HEDT (1—my—by+14)
D 22"“1“(%)F(l—Zmr—brj—i)F(l—br)
T Dbt g (i) D (=t gi= [5)T (=1t g —by+50)
= 22m HIP(4)0(— 2mr—brﬂ)r(1—br)
" T(A=be5 (i) T (=t 3i— [EE]DT (—my+ 3 —b,4-31)

, 22me HD (DD (—2m, —b,+i)T (1-b,)
" D(A=br+5(i4]i)) D (—mp— 3+ 3i— [T (—m,—br+5i)
for =0,+£1,+2,+3,+4,+5 ; r=1,2.
The coefficients A'Y and Bll-(l) can be obtained from the tables of A;

)

and B; given in [5] by replacing a by —2my, the coefficients A;(Q) and BZ{(2)
can be obtained from the tables of A; and B; by replacing a by —2ms, the
coefficients A;(S) and B;(S) can be obtained from the tables of A; and B; by

replacing a by —2m1—1 and the coefficients A;(4) and 32(4) can be obtained
from the tables of A; and B; by replacing a by —2mo—1.

Proof of the first integral:
Denoting the left hand side of (2.1) by I, then from the definition (1.4), we
have

(2.3)
1= i (a)m1+P1+m2+P2 (bl)m1+p1 (b2)m2+P2 xm1(_x)p1ym2(_y)p2
(1) my (1+8)py (€2)my (C2+1)py ma!p1lma!ps!

m1,p1,mz2,p2=0

Now, using the well-known results 8|

(@) mn = (@)m(a+m),

Z ZA(n,m) = Z ZA(n,m—n),

m=0n=0 m=0n=0
_ (=D)™@)m
(W)m—n = m, 0<n<m
(m—n)!:((__l)T:)T:!, 0<n<m,

then after a little simplification, we have

I— Z Z m1+m2 bl)m1(b2)m2 T

(c c m1!ms!
M1 =0ma—0 1 ml( 2)m2 1 2

mi ,,mo

Y
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—my , I—ci—my ; —mg , 1—co—my ;
2F1 -1 2F1 —1].
c1+1 : co+t ;

Separating into its even and odd terms, we have

2mo

2m1+2m2 (b1)2m, (b2)2my 2™ y
I= Z Z

m1=0ma=0 Cl 2m1( 2)2m2 (2777,1) (2m2)

—2my,1—c1—2my; —2mo,1—co—2mo;
X2F1 —1 2F1 -1
c1+e ; co+i ;
N Z Z 2m1+2m2+1(b1)2m1+1(b2)2m g2l g 2me
61 2m +1(CQ)2 (2m1+1).(2m2)!
m1=0mo=0 1 ma2
—2m1—1,—cl—2m1; —2m2,1—02—2m2;
X2F1 -1 2F1 —1
c1+1 ; co+1 ;
N Z Z 2m1+2m2+1(bl)2m1(b2)2m2+1 g?m gyt
61 2 (62)2 1 (2m1) (2m2+1)'
m1=0m2=0 m1 ma+ ’ ’
—2my,1—c1—2my; —2mgo—1,—ca—2my;
X2F1 —1 2F1 —1
c1+i ; coti ;
2m1+1 y2m2+1

n Z Z 2m1+2m2+2(b1)2m1+1(52)2m2+1 x
01 2m1+1(02)2m2+1 (2m1—|—1).(2m2+1)!

m1=0mo=0

—2mi1—1,—c1—2my; —2mo—1,—co—2my;
X2F1 -1 2F1 —1].
c1+1 ; co+1 ;

Finally , if we use the generalized Kummer’s theorem (1.7), then, after a
little simplification, we readily arrive at the right hand side of (2.1).This
completes the proof of the first integral . The proof of the second integral is
similar to that of the first integral with the only difference that we use here
the result (1.5).
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3. APPLICATIONS

(i) In (2.1), if we take i=0 and use the results (1.9)—(1.12), we get after a
little simplification the following integral formula:
1 o
/6_58'1_1%(1?1;Cl,Cl;$87—9€5)W2(52;62,Cz;y&—ys)ds
I'(a) Jo
11,1, 13 1 1. 13 1 1.
(3.1) 9.9.9 | 2420+ 3 3b1,501+35 ;5 3b2,5b2+5
=F 5% — 422, —4y?
o - :Cl,%61,%Cl+%;02,562,%02+%;

Now, in (3.1) using the result |7]

30,30+ |
(3.2) Wy (a;b,b;w,—x)=2F3 o 2]
b,5b,5b+5;
12702 29
we get
1 1 1.
1 > 1 §b1a§b1+§ ;
[ ~(as)’
F(G) 0 01,%61,%01+%;
1 1 1.
2 §b2a§b2+§ ; ( )2 |
at —\ys S
co.teo Looa 1.
272627202+2,
1,1, ,1. 13 1 11, 1 -
9:2:9[2020F 3 2bugbity 5 gbagbety 5
(33) :F ’ —41’ ,_4y 9

0:3;3 1.1 1., 1. 1 1
- :Cl,561,501+§;02,§C27502+§;

which for ¢;=b1, co=by reduces to the following integral in terms of Appell

function Fy 8|
1

I'(a)

/ e 45V Py (—3by;—225?) o Fy (—3bo;—y2s?)ds
(3.4) 0

1
—F4[2a 2a—|— :b1,by;— 42> —4y]

(i) In (2.1), if we take ¢=1 and use the results (1.9)—(1.12), we get after a
little simplification the following integral formula :

1 oo
/ e sy, (b1;e1,c1+1;ws,—x8)Wa(ba;ca,co+15ys,—ys)ds
0

I'(a)
1 1 1. 1 1 1 . 1 1 1 .
92: 2 2 §G,§CL—|—§. §bla§b1+§ y §b27§b2+§ )
=F —4x? —4y?
0:3;3 1, .11 1. ,11
—  c,50t5,50+ e, 50+ 5,500+
abix

cq (Cl—l—l)
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ppa[forbderl Bthinel 5 dbdhrd
xF 313 —4g? —4y?
— cl+1,201+1,201+2,02,2CQ+2,262+1
abay
02(02+1)
2:2:2 sa+i.2a+1l: 3bi,zbi+3 5 Sbotg.ibo+l
xF —4x?, —4y?
0:3;3 el lloq. 1 1,43,
-617201+27261“‘1762“‘17262"'17202"1'27
a(a+1)b1bazy
_l’_
0162(01+1)(62+1)
(3.5)
9.9 |z0tLzat5: shitggbitl 5 ghatgighatl
xF3s — 422, —4y?

: 1 1. 3. 1 1. .3,
- e+l za+l 504550041 50041500455

Further, taking c;=b;—1, co=by—1 in (3.5) , we get

1 o
/ e_ssa_llllg(bl;b1—1,b1;acs,—azs)%(bg;bg—l,bg;ys,—ys)ds
['(a) /o

1 1
:E{Qa 2a+ ;b1 — l,bg—l;—4x2,—4y2J

azx (1 11 i
Fil=a+=,=a+1:by,by—1;—42% — 44>
+b1—1 4_2a+2,2a+ ;01,00— 1 —4x”,—4y |

_ ) B}
+ @y Fy ,a_{_, a—|—1 bi—1,by;—42%,—4y?
ba—1 | |
a(a+1)zy 1 3 9 9
3.6 —F 1,—a+—;by,by;—4x*,—4
( ) +(b1— )(b2 1) 4 a+ 72a+2a 1,92, €, Yy

(iii) In (2.2), if we take i=0 and use the results (1.9)—(1.12), we get after a
little simplification the following integral formula :

1 oo
F(a)/ e 55 1Py (b1 ,by;er;8,—28) Do (b, bascosys, —ys)ds
0
11, 1. ‘ _
&0 9.1:1| 2%z s bty b
=Fo.a:0 z?y?
:2; .

. 1 1.1 1 1.
- ~5017§CI+§75627562+§7
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Further, taking ¢;=2b1, co=2bs in (3.7) and using the result [7]

(3.8) Do (a,a;2a;2,y)=eY1 F1 (a;2a;2,—y),
we get
1 (o @]
F(a)/ e_s_m_yssa_llFl(b1;2b1;2x8)1F1(bg;2b2;2ys)ds
0
1 1
(3.9) —F4[ a, CH- b1+ bz+ 2% 7).

(iv) In (2.2), if we take i=1 and use the results (1.9)—(1.12), we get after a
little simplification the following integral formula :

1 [ee]
F(a)/o e 55" Do (b1—1,brscr328,—28) Do (by—1,ba;sco5ys, —ys)ds
2:1;1 sWgatys b by
=F 22 42
0:2:2 L
15C1,5C1+5;5C2,5C2t 3}
ax _2:1;1 [ sat3,30+1: by C by o
ot =,y
cp 0:2;2
L - ‘5 Cl+2,261+1,26272c2—|—27
2:1:1 2‘1-1-%,%@—1-1 bl ; b2 : 7
7F Ml x2 y2
co 0:252 1 ,
L - 2261,201+2,202+2,202+1
a(a+1)x
L ala+1)ay
C1C2
1 1.3, ) .
1 F21,1 5(1—1—175(1,—1—5 bl 9 b2 ) ) s
(3-10) 0:2;2 z2y? .

- 201+27261+17262+27202+1

Further, taking ¢;=2b;—1, ca=2by—1 in (3.10) , we get

1 /oo —s,a—1
—_— e s Py(b1—1,b1;2b1—1;xs8,—x8)
I'(a) Jo

X Do (bo—1,b9;2bs—1;ys,—ys)ds

1 1 1 1 1
—F Fobi— ba— =ty
4\‘2CL 2(1 27 1 272 2’:6 7Z/J

ax
2011

1 1
F[a—{— —a+1; b1—|— ,bo— 5 273/2]
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1 11 1 1
ay Fy {a—k a+1;bl—2,bg+2;x2,y2]

S 2by—1 Y27 272
a(a+1)zy 1 1 3 1 1 45 5
3.11 Fy|l=-a+1l,—a+—=:b1+=,ba+—; .
( ) +(2b1—1)(2b2—1) 4|:2a+ ,2CL+2, 1+2a 2+2,33 Y

The other special cases of the integrals (2.1) and (2.2) can also be obtained
in the similar manner.

1

2]

3l

(4]

]

(6]

7]

(8]
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